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Abstract 

The simple stationary decoherence of a two-state quantum system is discussed from a new viewpoint 
of environmental entanglement. My work emphasizes that an unconditional local state must totally be 
disentangled from the rest of the universe. It has been known for long that the loss of coherence within 
the given local system is gradual. Also the quantum correlations between the local system and the rest of 
the universe are being destroyed gradually. I show that, differently from local decoherence, the process of 
environmental disentanglement may terminate in finite time. The time of perfect disentanglement turns out 
to be on the decoherence time scale, and in a simple case we determine the exact value of it. 
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I. INTRODUCTION 



Perfect isolation of a real physical system S is not possible. Even the simplest quantum system, 
like the spin of an electron, may be in weak though continuous interaction with the environment 
£.. The sensitivity of quantum systems to environmental interactions goes beyond the sensitivity of 
classical systems. In our example, the coherence of local superpositions will asymptotically be lost 
at a certain decoherence time scale r. We consider the simplest isotropic model of environmental 
decoherence of a Pauli-spin vector a: 

* = 4*M*d], CD 

where p is the 2x2 density matrix of the spin. This equation may, e.g., correspond to the proper 
statistical average 1] of the Schrodinger-equation 

over the random magnetic field C5 which is r _1 / 2 -times the standard isotropic white- noise. The 
solution p(t) encodes the statistics of all possible local phenomena, i.e., the physics of the spin. 
It is, nonetheless, known from the famous work of John Bell 2] that quantum correlations with 
remote systems paralyze the standard statistical interpretation of the local state p. We are going 
to analyze the fate of such external quantum correlations of our local system during its irreversible 
evolution (^Q). We recapitulate the definition of quantum correlation (entanglement) through the 
notion of separability 3]. We can prove that all external quantum correlations will disappear if 
and only if 

t > rlog3 . (3) 

The result comes from a recent theorem on 'entanglement breaking quantum channels' J, 0,0]. I 
will present an elementary alternative proof. We shall mention a contrary case: 

f t =~[a 3 ,[a3,p]]. (4) 

This is continuous measurement of the 03 spin-component where the total damping of external 
quantum correlations takes an infinite long time. 

II. SEPARABILITY, ENTANGLEMENT, STATISTICAL CONSISTENCY 

To study the structure of the external correlations of our system, we divide the universe 14 [3] 
into three parts: the local system S of interest, its environment £ responsible for the irreversible 



2 



evolution (|T|l. and the rest TZ which has no current interaction with S but might have had it in the 
remote past. This time we concentrate on the correlations between S and TZ. We do not consider 
£ a dynamical system at all. We model it merely as a source of classical magnetic noise leading to 
the irreversible equation Q for the local system S. One says that the local system is classically 
correlated with the rest of the universe if the total quantum state is separable |3j: 

A 

i.e., it is the weighted mixture of uncorrelated (product) states. 

Such an expansion is always possible for correlated classical systems. Their density matrices 
are always diagonal. For the corresponding classical densities the separability condition © reads: 

pu(x,X)=J2™ X p X (x)Pn( X ) » (6) 

A 

where x and X label the states of the classical systems S and 7Z, respectively. To construct the 
r.h.s., first we identify A by the composite label (x',X r ) and we identify w x by pu(x' , X'). Then 
we can make the choices p x (x) = 5(x — x') and p\{X) = 5{X — X'). 

Quantum systems differ radically. They may not satisfy the separability ©• By definition, the 
local system S is quantum- correlated (entangled) with the rest TZ of the universe if the composite 
state pu is non-separable. Most typically, this is the case when the universe is in a pure state 
pu = which is not a product state: 

\U) ± \S) <g> \TZ) . (7) 

Why do any sort of correlation with the remote part of the universe should bother our obser- 
vations on the local system? The reason is tricky. If the separability condition Q holds then 
the correlation between local phenomena in S and remote phenomena in TZ can in principle be 
explained on the ground of classical statistics 3] . If, however, the separability condition does not 
hold then the local and remote phenomena may become inconsistent from the viewpoint of classi- 
cal statistical rules unless we allow instantaneous signal propagation between the local and remote 
systems S and U, respectively 2]. Such faster-than-light propagation is impossible because it con- 
tradicts to our notion of locality. The external quantum-correlations (entanglements) of a local 
system will thus object that the usual statistical interpretation of the local system be consistent 
with the simultaneous statistical interpretation of other possible systems populating the rest of the 
universe. It is therefore not possible to claim that p is the unconditional local state unless we make 
sure that the local system S is totally disentangled from the rest TZ of the universe. There should 
be no quantum correlations left between them. 
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III. TOTAL DISENTANGLEMENT 



We shall discuss the existence and fate of the external quantum correlations of our chosen 
system. The formal solution of the equation (JJ) contains a linear time-dependent map A4(t): 

p(t) = M(t)p(0) . (8) 

The state p{t) does obviously not encode external correlations, i.e., those between the two-state 
system S and the rest of the universe 1Z. The generic state pu does not satisfy the separability 
condition (JSJ) because usually it contains quantum correlations between S and 1Z. So does the 
initial state pu{0)- Surprisingly, a recent theorem Q,Q, Q| enables us to conclude that after a finite 
threshold time the state pu(t) becomes totally separable, i.e., the local system S disentangles from 
the rest 7Z of the universe. The power of the theorem lies in that it needs only the local map M(t) 
though with the tacit assumption that <S and 1Z evolve independently. 

Accordingly, a certain map A4 will completely disentangle the local system if and only if it acts 
as follows: 



x 

p X = tr[P x p] , (9) 



where {p x } is a certain set of states that does not depend on the original state p. The mixing 
probabilities {p x } depend on p via a generalized measurement, i.e., the set {P x } must be a positive- 
operator- valued-measure (POVM) |8(: 

p x >o , pX = 1 ■ ( 10 ) 

A 

One confirms easily that the above conditions are sufficient for the separability of the mapped 
composite state. Recall that we assumed independent maps for S and 1Z: 

M u pu = (M ® M n ) pu ■ (11) 
By inserting M. from Eq. @, where we set 

{P x ®M n )pu\ , 



p X = tr 



1 



Pn = ^x tT s [( p ® Mn)pu\ , (12) 

the separable form (JSJ) is obtained for M.uPu- The proof of necessity of the condition © is a harder 
task. 
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IV. THE DISENTANGLEMENT TIME 



Let us test the condition (jUJ) on the map M(t) solving the Eq. Q for t > 0. The identical map 
A4(0) can of course never admit the form Q. Neither does M{t) at short times. But a threshold 
time will exist after which the map M.{t) can already be written into the desired form ©. The 
irreversible equation Q describes an exponential isotropic depolarization. Its solution (JHJ) can be 
written into this concrete form: 

p(t) = M(t)p(0) = \[l + e-^atiiapm] • (13) 

If follows from a theorem in Ref. |6J that the map M(t) is entanglement breaking if and only if 
3e - '/ r < 1 which is the condition ©. Here I present a constructive proof. In order to put the 
time-dependent map A4(t) into the desired form Q, let us try the following. We assume the set 
{p x } to consist of six states labeled by A = (a, s): 

1 



p as = - 
H 2 



/ + 3se- t/T a a , (14) 



where a = 1,2,3 while s = ±1 in turn. Let the corresponding six POVM elements be proportional 
to six different completely polarized pure state projectors: 

P as = l[I + sa a ] . (15) 

By inserting the Eqs. (|14I15|1 into @, we obtain the solution (|13jl indeed. However, a closer look 
at the Eq. (|14|) warns us that the states p as do not exist until the absolute value of the coefficient 
3e~*/ r descends from the initial value 3 to 1. This completes our proof. The map M(t) disentangles 
any initial state p(0) from the rest of the universe after time lJ3|l. 

Let us assume that 1Z is just another two-state system and its evolution is trivial: it does not 
evolve at all. Then the composite state satisfies the trivial extension of the local evolution equation 
©: 

*&. = -±-{Z®InM®lK,Pu\] ■ (16) 

Assuming the initial composite state pu{ty is the maximally entangled singlet state, we can find 
the following time-dependent solution: 

Pu(P) = - [/<8> In-e~ t/T v®ff} ■ (17) 

This state remains entangled for e~*/ r > 1/3 (c.f. |3j) which shows that the threshold © can not 
be sharpened. 



V. DISCUSSION AND OUTLOOK 



I have analyzed the simplest case of noisy environment (0) which is capable to destroy all 
external quantum correlations of a local system in finite time ©• It is important to note that 
classical correlations may survive the death of quantum ones. The studied environment is classical 
and non-dynamical, its simplest realization is an isotropic classical magnetic white-noise field. 
The corresponding map is called the 'depolarizing chanel' in quantum communication theory [ic| . 
There is a non-isotropic environment producing decoherence on the same time scale as Eq. Q 
did but with a different structure (0J). This is called the 'measurement channel' since for infinite 
time it describes the ideal measurement of the spin-component o 3 . Obviously it disentangles the 
local system iS from 1Z at time t = 00 as any ideal spin- measurement should. Regarding finite 
times, however, the external quantum correlations may always survive. When I tried the sort 
of constructive proof, successful for the 'depolarizing chanel' it failed for the 'measurement 
one' Q). An ultimate proof may be learned in Ref. jfj]: the 'measurement chanel' only eliminates 
external quantum correlations at t = 00, i.e., not before the ideal measurement is completed. 
Recently, I have found a third, affirmative, example. From earlier results of Kiefer and myself 
on the emergent exact positivity of the Wigner- and the P-functions, it follows that a free particle 
in simplest position decohering environment will become disentangled in finite time. This result 
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of evolution equations including harmonic 



may certainly be extended for the broader class 
potential and friction as well. 

For future investigations, the generic problem can be formulated in the following way. Suppose 
the environment induces a semi-group evolution for the local system, described by the generator 



111: 



We construct the time-dependent map of the semi-group: 

M{t) = exp(£i) , (19) 

which solves the evolution equation. Then one has to apply the condition @ to the above map in 
order to determine if it disentangles in finite/infinite time or whether it disentangles at all. 
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